Practice with Contour Integration and Fourier

Transforms
Thursday, 12 March 2026
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Physics 64

Problem 1 - Pythagoras ~ While sin?6 + cos?6 = 1 is un-
doubtedly true for real values of 0, is it still true when 6 can
be complex?

yes

Problem 2 - Confirmation

In:fz”dz

around a circle of radius R centered on the origin, show that
for ne Z, I,, = 0 unless n = —1, in which case I,, = 27i.

By evaluating

We did this together. Check your notes.

Problem 3 - Poles and Residues  For each of the follow-
ing functions determine the poles and the corresponding
2z+1 z+1)2 ()sin

, (c

z
Zz_z_z’(b) 21 2 , (d) sech z, (e)

residues: (a)

cotz.

(a) The poles are where z2 — z—2 = (z—2)(z+1) =0,
so at —1 and 2, where the residues are 1/3 and 5/3,
respectively.

(b) It is a second-order pole at z = 1, whose residue
is 4.

(c) A simple pole at z = 0 with residue 1.

(d) Poles at z = in(5 +n) for n € Z with residues
%’ (-1) n+l .

(e) Poles at z = nx for n € Z with residue 1.

Problem 4 — Our Friend Gauss

0.0
0.0 0.2 04 0.6 0.8 1.0

(a) Show that the Fourier transform of a gaussian is a
gaussian. That is, compute the Fourier transform of

f(t) — Ae—tz/Tz

(b) If f(#) = w(r) represents the wave function of a parti-
cle, what must A be for the state to be normalized?

(c) The time uncertainty of f(t) is defined by
(At)2=f (t—D*If (VI de )

where 7 is the mean value of ¢ (which is zero in our
case). What is At for our gaussian? For its transform,
f(w)? What, then, is At Aw?

@ f(w) = Arymexp|-(wr/2)?], which is also a
gaussian.

(b) A=(2) 712,

(c) At = %T and Aw = % Therefore, (At)(Aw) = %
Since E = fiw, this result implies that (AE) (At) = /2
for a gaussian, which is the limit imposed by the
Heisenberg uncertainty principle.

Problem 5 - Sanity check  Show that

dz in

l' .
fo 1-22 4
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Problem 6 — A Useful Trick  Consider the integral

I [00 Inx d
= ———=dx
0o a’+x?

(a) For real a, should this integral be finite? That is, is the
divergence as x — 0 integrable? And does the inte-
grand vanish sufficiently strongly as x — oo to yield a
finite integral?

(b) Knowing that the value of In z infinitesimally above
the x axis can be different from its value infinites-
imally below the x axis, if your contour takes you
around the origin, can you devise a contour to allow
you to use the residue theorem to evaluate the inte-
gral, or does the integral along the path x + i(27 —¢€)
cancel the integral along x + ie as € — 0?

2
(c) Now consider ¢ 2?22 dz around the same contour as

in the previous part. It should yield a path to evalu-

ating the original integral I. See if you can show that

_ nlna
1= 5a -

Inx
6l2 )

(a) As x — 0, the integrand looks like

unless a = 0. Assuming |a| > 0, then [ h;—zx dx = % As x — 0 this goes
to zero (which you can verify with 'Hopital). As x — oo, the x? in the denominator also drives the integrand to
zero, so there is no convergence problem and the integral should be finite for a # 0.

(b) We seek to evaluate I = [;° % dz. The poles are at z = +ia. Consider contour 4" shown below:

ias

¢

—ia

It starts at z = ¢, heads out the real axis to R, goes counterclockwise around the circle z = Re’? as 6 goes from 0 to
27, goes from right to left along z = re®™’, and finally goes clockwise around the tiny circle at radius €. So,

In © Inx 27 In(Re'®)Rie'
f—zdz:f —dx+f In(ReT)Rie” 45,
a? + z? e a’+x? 0 a®+R%e?0

ifiel®

_f‘x’ Inxdx +lan2” do
“Je a®+x2 R Jo a?IR?+e2i0

€ ] 270 0 ] i0 )
fde+f Meiewde
2

o a2 + x2etni - a2 + 2210

° Inx+27i 2% lne+if |
e a‘+x 0 a’+e2el

The second and fourth integrals go to zero as R — oo and € — 0. The first integral (which we care about) gets
wiped out by the first term in the numerator of the third integral, leaving a term that we don'’t care about (but
could evaluate with the residue theorem). Darn!




(c) Following the hint, we now try again after squaring the logarithm:
1 2 00 1 2 27T £ ln erT[l 2
=i —f lnv” dx+f -.do+ f [ )
a+ 22 e a’+x? @+ x2etri

Vanlshes

a? + x? o a? + x?

o Ax? © Axilnx
= o 2dx— > dx
e a’+x e a’+x

integrand proportional to 1/¢.

% (In x)2 € (Inx)% +4milnx — 4m?
—/ dx+f dx
&

0
x+f ---do
2m

—_——
vanishes

We have done the first integral before; you can use the substitution x = atan¢ to get 47> x w/2a = 273/ a. The
second integral is —4mil. So, if we can evaluate the residues, we can determine I.
First, the residue at z = ia. I will use the series approach by letting z = ia + { and looking for the term in the

For the pole at z = —ia it is critical that we represent —i as e
contour that surrounds this pole. Taking z = ae3"/2 + {, we get

(In(ae®™’? + )12 (Ina+37i/2)?

(In(ia+{1*  [na+in/2*  (na)?+inlna—n?/4
a+Ga+0? a+-a?+2ial +(> 2ial + 2
So
. (Ina)?+inlna—-n%/4
a-1(ia)= ;
2ia
3mi/2

, since that is the phase we have assumed for the

(Ina)? +3nilna—972/4

so the residue is
(Ina)? +37ilna—97%/4

—2ail +{?

a_i(—ia)=-
1 ) 2ai
By the residue theorem,
—2milna+27% 2n
J=2ni————— = == (7’ —inlna)

2ai a

which also equals
213 .
J=——4nil
a
Hence,
nlna
I=
2a
Convolution

The convolution of functions f(¢) and g(¢) is defined by

(f*g)(t)zf gt fe—thdr

)



and represents how one signal gets smeared out by another (such as a system response function). The convolution of
two functions has a particularly straightforward representation in terms of their Fourier transforms. Given

flw) =f°o f(netde

g(w) =f g(ne®tdr

we can write Eq. (2) in terms of the Fourier transforms:

I /ifoo z —iwt’i[oo = —iQ—1)
(f =g —f_oodt Py _oodwf(w)e o _oong(Q)e

: food f )foodgm) -0 foodt’ Tl
= — w J(w e — e
27 J-o0 -0 § ?ﬂ -0 ,

9 (w‘: Q)

_i * ra 5 —iwt
=5 f_oodwf(w)g(w)e

That is, the Fourier transform of the convolution is the
product of the Fourier transforms. This result is known
as the convolution theorem.

The correlation of functions f () and g() is closely related
to the convolution operation just described. It is defined by
o0
Corr(f, g)(1) :f f@gr+ndr (3)
—0o0

You may readily confirm that the Fourier transform of the

correlation is the product of f(w)[g(w)]*, which is known
as the correlation theorem.

By extension, the autocorrelation of a function with itself
satisfies

FT[Corr(f, f)] = I f ()| 4)

which is known as the Wiener-Khinchin theorem. The au-
tocorrelation of a function describes how self-similar it is at
various delays.



