Problem 1 - Femtosecond Laser Pulses (35 points) Short-pulse laser systems often produce pulses

with a temporal shape
E, 2E,

E(t) = Eysech(z/7) = = 1
(1) = Eysech(t/7) cosh(t/t) e!lT+et/7 W
The pulse’s frequency spectrum is given by the Fourier transform,
00 . 00 2E eia)t
E(w) = f_ooé'(t)e“‘”dt = f_wm 2)

[Don't be confused: I'm leaving off the tilde to simplify the notation.]

(a) (2 points) Rewrite Eq. (2) in terms of a dimensionless time variable defined by x = ¢ /7.

00 iwTx
E(w) =2E,T f ———dx
@ =2Ey | ——
(b) (5 points) Locate the poles of the integrand.
ef+e*=0 — er ——1= ein+i2nn
Poles at x = e/>*7" for p € 7.

(c) (5 points) With the goal of evaluating E(w) via contour integration, briefly explain why it is
unhelpful to seek to close the contour using a semicircular arc at radius R in the upper half-plane,
where R — oo.

There is an infinite series of poles along the imaginary axis, so such a contour would enclose
all of them and possibly lead to an alternating series.

(d) (10 points) Instead, close the contour by integrating around a rectangle whose other long side
goes from x = oo+ im to x = —oo + inw. What is the value of the integrand along this long side? On
the short vertical segments?

Along z = x + im, the integral would be

—00 eiwrx e~ 0T 00 eiw‘rx
2E0Tf ————dx = 2EOTe_‘”T”f B dx
o eimtx 4 p-in—x oo €5 + 7%

where I have used e”” = —1 in the denominator and I reversed the limits of the integral.
This is just e"“"”" times the integral we are trying to evaluate, E(w).

Along the vertical segment going from R to R + iw as R — oo, the denominator diverges
exponentially, so the integral along that segment vanishes. The same argument applies on
the segment from —R + i to —R. Therefore, the integral around the rectangle is equal to
E(w)[1+e “"].

(e) (13 points) Use the residue theorem to evaluate E(w). Be sure to write your final answer in
simplest form. Comment.
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By the residue theorem, the integral around the closed rectangle is equal to 2mi x
residue at i /2.
Let’s write the integrand for z = im /2 + {:

eiwr(in/2+() e—nwr/Z ZEOTe—nwr/Z ZEOTe—an/Z
2E,;T— - =2E,1 = =
0% gin/2+(  p=im/2-¢ el —iet T i(1+0)-i(1-0) 2i(
E Te—mu'r/z

So, the residue is

i
Therefore, the residue theorem gives

E Te—mur/Z
E()[1+e ™| =2mi—>———
i
2nE,Te "0T/?
E(w)= ———
1+ e 7t
2
=nE,T

ean/Z + e—nwr/z
E(w) =nE Tt sech(nwt/2)

Wow! Just like the gaussian, the Fourier transform of a hyperbolic secant is also a hyper-
bolic secant!

(f) (Bonus 10 points) The pulse duration, At, is just the quantum-mechanical uncertainty:

f t2|1E(1)|*de f x%sech? x dx
2

(A1) = =% =T"2%
f |E(2)|>dt fsechzxdx

where the integral in the denominator is there for normalization. To evaluate the uncertainty, we
need the integrals

(o ¢] {o0]
A= f x*sech?xdx and B= f sech? xdx
—o0 —00

Can you evaluate them? Hint: do A first. If you have time, calculate the uncertainty product,
(At)(Aw), for the pulse, and compare to the value we got for a gaussian, which was 1/2.

o 4x?
pe [P
- (e* +e™¥)
To avoid the infinite line of poles along the imaginary axis, we again try to use the rectan-

gular contour that comes back along the line with imaginary part iz. Along that path, we
have

C:f—w( 4(x +im)? _ f"o 4(x* +2inx —n?) o

eX+im 4 e—(x+i7r))2 - o (ex + e—x)Z
First, note that the part of C arising from the x? term exactly cancels A. Darn! Second, the
term proportional to x in the numerator is an odd function, so it integrates to zero. We're
left with 72B.
Now we can use the residue theorem to evaluate the integral around the closed rectangle.
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The integrand at z = i /2 +{ is

a(in/2+0)? _ —nfa+in+¢®  -nPA+ind+{®  nPlA-in{-{°
(ein/2+(+e—in/z—c)z - (ief— ie‘()z - (2i)? - Ig

so the residue is —iz and the value of the integral is

n?B =2mi(—in) = 2n? — B=2

So, we lost two powers of x on the reverse trajectory. Maybe lightning will strike twice. Let’s
try

4 00 o0
Csf ad . dz:f x4sech2xdx—f (x +im)*sech®(x + im) dx
¢ cosh” z -0 —o

= f [x*— x*+6m2x? — *] sech?® x dx
=6n°A-n"B

where I have used that sech(x + i) = —sech(x), which we showed earlier.
We can also evaluate C by the residue theorem. At z = “F +, the integrand is

a(in/2+0)* _ (im/2)* +4(in [2)3C + -+

(2i¢)? ¢?

where I have used the same expansion for the (same) denominator we had before. The
residue is thus

3

in
1=

so we get

in® ) . at  n*

2ni— =6m“A-27m - A=—=—

2 6772 6
Therefore,

2
(At =12==72— = At =1——

12 2\/§

For the width in frequency, we found E(w) = mE,Tsech(nwt/2). Let x = nwt/2. Then
from the previous work,

T T 2 1

= — Aw: _—=
2V/3 2\/37T  1,/3

Finally, the uncertainty product for the hyperbolic secant pulse is

Ax

(A1) (Aw) = TLL =

2\/51\/5

which just slightly greater than the value of 0.5 for a gaussian.

~0.524
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