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1. Time: 75 minutes
2. No books, notes, calculators, or computers.
3. Three problems of unequal weight for a total of 100 points.
4. Read through the whole exam before starting. Work carefully, check your algebra, and explain what

you are doing with brief English phrases.
5. This test is given under the HMC Honor Code.
6. If you don’t understand what a question is asking, please ask for clarification.

Good luck, everyone!
I will respect the HMC Honor Code in taking this exam

signed

Γ(𝑥+1) =∞
0 𝑡𝑥𝑒−𝑡 d𝑡 Γ(𝑛+1) = 𝑛Γ(𝑛) Γ⒧12⒭ =√𝜋 (𝑎+𝑏)𝑛 = 𝑛𝑖=0⒧𝑛𝑖 ⒭𝑎𝑛−𝑖𝑏𝑖𝑒 ≈ 2.718 𝑒𝑖𝜙 = cos𝜙+𝑖 sin𝜙 cos𝜙 = 𝑒𝑖𝜙 +𝑒−𝑖𝜙2 sin𝜙 = 𝑒𝑖𝜙 −𝑒−𝑖𝜙2𝑖

sin(𝑎 ±𝑏) = sin𝑎 cos𝑏± cos𝑎 sin𝑏 cos(𝑎 ±𝑏) = cos𝑎 cos𝑏∓ sin𝑎 sin𝑏𝑁−1𝑛=0 𝜌𝑛 = 1−𝜌𝑁1−𝜌 11−𝑥 = 1+𝑥+𝑥2 +𝑥3 +⋯ |𝑥| < 1
(1+𝑥)𝑛 = 1+𝑛𝑥+ 𝑛(𝑛−1)2! 𝑥2 + 𝑛(𝑛−1)(𝑛−2)3! 𝑥3 +⋯

𝑓(𝑧)d𝑧 = 2𝜋𝑖𝑛 𝑎−1(𝑧𝑛) 𝑎−1(𝑧0) = lim𝑧→𝑧0 1(𝜈−1)! d𝜈−1
d𝑧𝜈−1 [𝑓(𝑧)(𝑧−𝑧0)𝜈]̃𝑓(𝜔) =∞

−∞𝑓(𝑡)𝑒𝑖𝜔𝑡 d𝑡 𝑓(𝑡) = 12𝜋 ∞
−∞ ̃𝑓(𝜔)𝑒−𝑖𝜔𝑡 d𝜔 𝛿(𝑥) = 12𝜋 ∞

−∞𝑒𝑖𝑘𝑥 d𝑘
∞
−∞𝑒−𝛼𝑥2−𝛽𝑥−𝛾 d𝑥 =𝜋𝛼𝑒𝛽2/4𝛼−𝛾
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Problem 1 – Pin the Tail on the Fourier Series (24 points) Fourier series expansions on 0 ≤ 𝑥 < 𝐿
of the four functions illustrated in the figures on the left are shown in algebraic formon the right. Match
the series to the original function and write a short rationale.
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𝑓(𝑥) = − 2𝜋 ∞𝑛=1 sin(2𝜋𝑛𝑥/𝐿)𝑛
𝑔(𝑥) = 12 − 12 cos(2𝜋𝑥/𝐿)
ℎ(𝑥) = − 8𝜋 ∞𝑛=1 𝑛1−4𝑛2 sin(2𝜋𝑛𝑥/𝐿)
𝑗(𝑥) = 12 − 4𝜋2 𝑛 odd

cos(2𝜋𝑛𝑥/𝐿)𝑛2

For example, if you think 𝑎(𝑥) = 𝑓(𝑥), then write 𝑓 after “𝑎(𝑥) =” below and a phrase to explain
your reasoning.

𝑎(𝑥) =

𝑏(𝑥) =

𝑐(𝑥) =

𝑑(𝑥) =
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Problem 2 – A Nice Little Contour Integral (36 points) Consider the integral

𝐼 =∞
−∞ 11+𝑥3 d𝑥

(a) (4 points) Should this integral be positive, negative, complex, or undefined? Briefly explain your
reasoning.

(b) (4 points) Locate the poles.

(c) (12 points) Identify a closed contour you can use to evaluate 𝐼 , carefully justifying any assump-
tions you make.
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(d) (16 points) Evaluate 𝐼 and compare your result to the expectations you set in part (a).
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Problem 3 – AResonantCavity (40points) Ina resonant cavity, formedby (parallel) high-reflectivity
mirrors facing one another, an electromagnetic oscillation of frequency 𝜔0 dies out as

𝐴(𝑡) =⎧⎨⎩𝐴0𝑒
−𝜔0𝑡/2𝑄𝑒−𝑖𝜔0𝑡 𝑡 > 00 𝑡 < 0

The parameter 𝑄 (the quality of the cavity) is a measure of the ratio of the energy stored in the cavity
to the energy lost in one cycle.

(a) (20 points) Calculate the frequency distribution of the power emerging from the cavity,𝑆(𝜔) = 𝑎∗(𝜔)𝑎(𝜔)
where 𝑎(𝜔) is the Fourier transform of 𝐴(𝑡).

(b) (5 points) Sketch 𝑆(𝜔) on the axes below.

𝜔

𝑆
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(c) (5 points) Compute the normalized spectral distribution function, defined by

P(𝜔) ≡ 𝑆(𝜔)∫∞−∞𝑆(𝜔)d𝜔

(d) (10 points) The spectral width 𝜎 of the distribution is defined by

𝜎2 ≡∞
−∞P(𝜔)(𝜔−𝜔̄)2d𝜔

where 𝜔̄ = ∫∞−∞𝜔P(𝜔)d𝜔 is the mean value of 𝜔. For example, for the gaussian distribution,

𝑝(𝜔) = 1√2𝜋𝜎0 exp− 𝜔22𝜎20 
the spectral width is 𝜎0. What is the spectral width 𝜎 of the light emerging from the cavity? Com-
ment.
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